arXiv:1509.06472v4 [q-fin.MF] 13 Oct 2015 


On the no-arbitrage market and continnity in the Hurst 

parameter 

Nikolai Dokuchaev 

Department of Mathematics & Statistics, Curtin University 
email: N.Dokuchaev@curtin.edu.au 

October 14, 2015 


Abstract 

We consider a market with fractional Brownian motion with stochastic integrals generated 
by the Riemann sums. We found that this market is arbitrage free if admissible strategies 
that are using observations with an arbitrarily small delay. Moreover, we found that this 
approach eliminates the discontinuity with respect to the Hurst parameter iJ at = 1/2 of 
the expectations of stochastic integrals. 
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1 Introduction 

In this short note, we readdress the problem of the presence of arbitrage opportunities for the 
market models based on fractional Brownian motion with the Hurst parameter H G (1/2,1). 
Statistical properties of these models make them important for financial applications; however, 
the presence of arbitrage represents a certain obstacle from the theoretical point of view. This 
problem was intensively studied; see, e.g., [HEiEiiaEiiiuiiiiiiiaiiaiis]. As can be seen from 
Example [2] below, there is a discontinuity with respect to H —?■ 1/2-I-0 at the point H = 1/2 
of the wealth process for some portfolio strategies. The market where H = 1/2 is arbitrage 
free, and the market with H G (1/2,1) allows arbitrage. One of possible some solutions of this 
problem is to use different constructions of stochastic integral that are not based on Riemann 
sums such as Wick integral (see mm- Another approach is to include proportional transaction 
costs in the model mm In addition, it was suggested in [6] that additional restrictions on the 
admissible strategies also can remove arbitrage. It was shown in Theorem 4.3 [6] that arbitrage 
cannot be achieved in the class of piecewise constant strategies with a minimal amount of time 
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between two consecutive transactions. The restrictions on the times between transactions were 
relaxed in [2], Theorem 3.21. 

We suggest one more alternative class of strategies allowing to exclude arbitrage for a a mar¬ 
ket based on a fractional Brownian motion with H > 1/2 with stochastic integrals generated 
by the Riemann sums. We suggest to use admissible strategies that are not necessary piecewise 
constant and that they are constructed using current observations processed with an arbitrarily 
small time delay. It can be noted that this is a natural restrictions on the class of the portfo¬ 
lio strategies; in practice, certain delay in information transfer and execution is inevitable for 
practical implementation of a portfolio strategy. 

We found that a simple Bachelier type market of with these strategies is arbitrage free 
(Theorem[T]); this result is similar to to the results for piecewise constant strategies from Theorem 
4.3 [6] and Theorem 3.21 [2]. 

The most interesting result of this paper is that it appears the discontinuity with respect 
to H at H = 1/2 of the expectations of stochastic integrals vanishes for our class strategies 
(Lemma [2] and Theorem [T](ii)). 

The proofs are based on a useful representation for the fractional Brownian motion Bnit) 
with the zero mean. We found that the increment of Bnit) can be represented as the sum of a 
two independent Gaussian processes one of which is smooth in the sense that it is differentiable 
in mean square sense, with the derivative that is square integrable on the finite time intervals. 
Similarly to the drift part of the diffusion processes, expectations of the integrals by this process 
are non-zero for the processes adapted to it. This process can be considered as an analog of the 
drift. It has to be noted that the term ’’drift” is usually applied to // presented for the process 
Ht + Bnit)] see [5].[T^.[8]. where and estimation of n was studied. In [12], the term ’’drift” 
was also used for a representation for Bh after linear integral transformation and random time 
change via a standard Brownian motion process with constant in time drift. Our representation 
is for Bh itself, i.e, without an integral transformation. 


2 The main result 


The fractional Brownian motion and stochastic integration 

We are given a standard probability space (11, T, P), where 0 is a set of elementary events, T is 
a complete cr-algebra of events, and P is a probability measure. 

We assume that {BH{t)}t£'R is a fractional Brownian motion such that Bh{0) = 0 with the 
Hurst parameter H € (1/2,1) defined as described in [HI [9] such that 


Bnit) - Bh{s) = CH f (t-q)^ ^/'^dB{q) + ch f {t - q)^ - {s - q)^ dB(q), (1) 

J s J —oo ^ ^ 


where t > s > 0, ch = \/2HT{3/2 — iL)/[r(l/2 -|- H)T{2 — 2H)] and T is the gamma function. 
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Here {B{t)}t£-R is standard Brownian motion such that B(0) = 0. 

Let {St} be the filtration generated by the process B{t). 

For a given T > s, let Ao(s, T) be the set of all processes t € [s, T], that are progressively 
measurable with respect to the filtration {St} and such that E < +oo. 

Let Ae[s,r] be the set of all 7 € Ao[s,r] such that there exists an integer n > 0 and a set 
of non-random times T = C [s,r], where n > 0 is an integer, Tq = s, Tn = T, and 

Tfc+i — Tk>e, such that 7 (t) is St*.- measurable for t E [Tk, Tfc+i). In particular, this set includes 
all 7 E Ao[s,T] such that ^(t) is Si-s-measurable for all t E [s,T]. Let A'^[s,T] = >oA£ [s, T], 
Let Ag the set of all 7 E Aq such that 7 (t) is St_£-adapted, and let A'^ = Ue>oA£. 

Lemma 1. For any 7 E A‘^[s,T], the integral ^{t)dBH{t) converge as a sequence of the 
corresponding Riemann sums in Li(n,Sr)P)- 


The following lemma establishes continuity in Li(n,Sr)P) of the stochastic integrals with 
respect to the Hurst parameter H at H = 1/2. 

Lemma 2. For any 7 E A'^, 


E 


i: 


-f{t)dBH{t) - / 'y{t)dB{t) 


0 as 1/2 + 0. 


( 2 ) 


This continuity does not take place for some 7 , as can be seen from the following example 

Ha- 


Example 1. For any H E (1/2,1) and T > s, 

{Bh{T) - BH{s)f = 2 fiBHit) - BH{s))dBH{t). 

Jo 

The integral converges as a sequence of the corresponding Riemann sums. 

A consequence of Example [T] is that 

E f ^ 0 = E f 'y{t)dB{t) as Ff ^1/2 + 0. 

J S J S 

Therefore, the stochastic integrals by dBn depends discontinuously in LI —)• 1/2 -|- 0 for some 
g E Ao[s,r]. 

By LemmaEl it also follows from Example [D that, for 7 e(t) = E{^(t)|St-£}, 

E f 'ye{t)dBH{t) ^ Fi [ ^{t)dBH{t) as e —>■ 0. 

J S J S 

Therefore, the stochastic integrals by dBn depends discontinuously in e with these g^. 
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The market model 


The rules for the operations of the agents on the market define the class of admissible strategies 
where the optimization problems have to be solved. 

Let X(0) >0 be the initial wealth at time t = 0 and let X{t) be the wealth at time t > 0. 
We assume that the wealth X(t) at time t G [0,T] is 

X{t) = /3{t)b{t) + 'y{t)S{t). (3) 

Here /3(t) is the quantity of the bond portfolio, 'y{t) is the quantity of the stock portfolio, t > 0. 
The pair {/3{-),'y{-)) describes the state of the bond-stocks securities portfolio at time t. Each of 
these pairs is called a strategy. 

Let 9 G (0, -|-oo] be given; the case where 9 = -|-oo is note excluded. 

Let {3^t}t>-e be a filtration such that Ti C for all t. 

A pair is said to be an admissible strategy if the processes (3{t) and 'y{t) are 

progressively measurable with respect to the filtration {Tt}. 

In particular, the agents are not supposed to know the future (i.e., the strategies have to be 
adapted to the flow of current market information). 

In addition, we require that 

E f [/3(t)^ +7(^)^] dt < +00. 

Jo 

This restriction bounds the risk to be accepted and pays the same role as exclusion of doubling 
strategies; see examples and discussion on doubling strategies in [ 2 ]. 

Definition 1. (i) Let Aq he the set of all 7 that are progressively measurable with respect to 

{St} such as described above. 

(ii) Let Ae he the set of all 7 G Aq such that there exists a finite set of non-random times 
T = C [0, T], where n> is an integer, Tq = 0, = T, and — Tfc > e, such 

that 7 (t) is ^Tu-'f^^o.surable for t G [rfc,Tfc+i). 

(Hi) Let = U£>o7l£. 

(iv) Let A^ the set of all 7 G Aq such that •y{t) is St-e-(^dapted. 

(v) Let = U£>oA£. 

Note that C A^ for any e > 0, and the set A'^ is wider than the class of piecewise constant 
functions considered in [ 6 ]. 

Suppose that, for some 7 G Aq, the integral 'y{s)dS{s) converge as a sequence of the 
corresponding Riemann sums. In this case, an admissible pair (/?(•)) 7(')) is said to be an 
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admissible self-financing strategy if 


dX{t) = /3{t)db{t) -|- 'y{t)dS{t) = 'y{t)dS{t), 


meaning that 

X{t) = X(0) + [ I3{s)db{s) + 

Jo 

Under this condition, the process 7 (t) alone defines the strategy. 

By Lemma [U for any 7 € A'^, the integral ''y{s)dS{s) converge as a sequence of the 
corresponding Riemann sums in Li( 0 , St; P)- 

Let yf be a set of admissible 7 (we will consider A = yio, A = yi'^, or yi = yi'^). 

For H € [1/2,1), we denote by M//(yi) the market model described above with yi as the set 
of admissible 7 . 


f 7 (s)dS’(s) = f 7 (s)dS’(s), 
Jo Jo 


Definition 2. We say that the market model !M/i-(yi) allows arbitrage if there exists a strategy 
7 G yi such that the integral j(s)dS(s) converges as a sequence of the corresponding Riemann 
sums, and P(X(T) > 0) = 1 and P(X(T) > 0) > 0 for the corresponding self-financing strategy 
with the wealth X{T) = j{s)dS{s) at time T with the initial wealth X(0) = 0. 

It is known that the market model Mi/ 2 (‘do) does not allow arbitrage. On the other hand, 
the market model M//(yio) allows arbitrage for any H G (1/2,1). This can be seen from the 
following version of Example [T] [TTj . 

Example 2. For any H G (1/2,1), 

X{T) = {S{T) - S{0) f = 2 r{S{t) - S{0))dS{t) = -f{t)dS{t), (4) 

yo Jo 

is the wealth for an admissible strategy with 'y(t) selected as 2{S(t) — 5(0)). In this case, the 
integral integral 'y{s)dS{s) converges as a sequence of the corresponding Riemann sums. 

A consequence of Example [2] is that the stochastic integrals by dBn depends discontinuously 
in H — 1/2-I-0, since it is not true that 

7 (t)dRH(t) —>■ 0 = E f 'y{t)dB{t) as Lf —1/2-|-0. 

Jo 

This is an undesired feature; small deviations of the evolution law for Bh cause large changes 
of the wealth for a strategy. In addition, it implies that non-arbitrage model Mi/ 2 (ylo) and 
arbitrage allowing model M//(yio) are statistically indistinguishable for the case where H ~ 1/2. 

Theorem 1. (i) For any H G [1/2,1), the market model 'X[h{A'^) is arbitrage-free. 
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(a) For any 7 € , 


E 


-f{t)dBH{t) - [ ■y{t)dB{t) 

Jo 


as —>■ 1/2 + 0. 


3 Proofs 


Let s > 0 be fixed. By m, we have that 


Bnit) — Bnis) = Wnit) + Rnit), 


where 


WH{t) = CH f (t-q)^ ^^^dB{q), Rnit) = ch f f{t,q)dB(q), 

J s J —00 

and where f{t, q) = {t — q)^~^/‘^ — {s — q)^~^^‘^- 

Let s > 0 and T > s be fixed. For r G [s, T] and g € ^2(5, T), set 

rp 

GH{T,s,T,g) = ch{H -1/2) j {t - T)^~^/‘^g{t)dt. 

Lemma 3. The processes Wnit) and Rnit), where t > s, are independent Gaussian {St}- 
adapted processes with zero mean and such that the following holds. 

(i) Wnit) is independent on Ss for all t > s and has an Ro’s differential in t in the following 
sense: for any T > s, there exists a function h{-,s,T) € L2{s,T) such that 

rp rp 

f -f{f)dWH{t) = [ GH{T,s,T,'y)dB{T) 

J S J S 

for any 7 € Ss, P, ^2(5, T)). 

(a) Ruit) is Ss-isxeasurable for all t > s and differentiable in t > s in mean square sense. 
More precisely, there exits a process TRh such that 

(a) TiRH{t) is Ss-fneasurable for all t > s; 

(b) for any t > s, 

2 _ „2 ^ ~ 1/2 /, \2H-2 


=4 


{t — s)'^^ E J T)RH{q)^dq < + 00 ; 


(c) for any t > s, 


lim E 

<5-i-0 


Rnit + ( 5 ) - Rnit) 


- VRuit) 


= 0 . 


(5) 
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For s > 0, T > s, T € [s,T], g G L 2 {s,T), set 


GH{r,s,T,g) = cniH - 1/2) j {t - s)^ 


(6) 


Corollary 1. Let^{t) be a process such that^{t) is Ss-measurable for allt, and thafE < 

+00 for any T > s. Then 

j "f{t)dBH{t)= f -f{t)dWH{t)+ f j{t)TiRHit)dt 

tJ S ’J S s 

= f GH{T,s,T,'y)dB{T) + f -f{t)T)RH{t)dt, 

J S J S 

and the integrals here converge in Li(Q,St,E). 


Proof of Lemma 0 and Corollary [T] can be found in [7] . 

Proof of Lemma [H Suppose that 7 G A^{s,T), where e >. Let Tg = be the set 

such as in the definition of A^{s,T). By Corollary [H the integrals ^ 'y{t)dBH{t) converge as 
required for all k. Then the proof follows. □. 

Proof of LemmalM Let 0 denotes a finite set of non-random times C [s,T], where 

n > 0 is an integer, Tq = s, Tn = T, and Tj^+i G -|- e); this times are not necessarily 

equally spaced. For 6 G (0, e), let T 5 = U^^Q(Tfc, (Tk + d) AT). Let be the set of all 7 G Ag 

such that 7 = 0 for t G T^. 

Let 4 = -ye{t)dBH{t) and let 4 = -fe{t)dB{t). 

Let Tg = be the set such as in Definition [Hii) , and let 

pTk 

Ik= l{t)dBH{t) = Iw,k + lR,k, 

JTk-i 


where 

pTk r^k 

Iw,k = / l{t)dWH,k{'t), lR,k = / l{i)dRH,k{'t) 

■'Ts-i •'Tc-i 

and where WH,k{t) and RH,k are defined similarly to Wh and Rh with [s,T] replaced by 
[4-1,4]. 

Let us prove first the theorem statement for 7 G Ag^^. 

It suffices to show that 


E|4 —4|—>-0 as Lf —)■ 1/2-|-0, fc = 0, l,...,n. (7) 

Let us prove ([7]). Let again RH,k{f) and TRu^kit) be defined similarly to Rnit) and TRuit), 
with the interval [s,T] replaced by the interval [ 4 - 1 ) 4 ]- We have that 4 = Iw,k + 4,fc) where 
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Iw,k and are defined similarly to the proof of Lemma[2]with the interval [Tk-i,Tk]. Clearly, 
EJw.fc = 0. 

We have by Lemma [3] and by the property of the Riemann-Liouville integral that II 7 — 

0 a.s. as H ^ 1/2 + 0. In addition, there exists c > 0 such that 

\\GH{-,Tk-i,Tk,'y)\\L2{Tk-i,Tk) < c||7||l2(T;,_i,T;,) 
a.s. for all H. Therefore, 

I|7(t) - GH{t,Tk-i,Tk,-i)\\L2(Tk-uTu) < ‘^c\\l\\L2{Tk-x,Tk) 
a.s. for all H. It follows that 

pTk 

E|Liv,fc “= E / | 7 (t) — G/f (t, Tfc_i, Tfc, 7 )|^dt ^ 0 as Lf—>■ 1/2 + 0 . 

JTk-i 

For t G [Tfc A {Tk-i + 6),Tk], we have by Lemma [3] that 

evrhM^ < + sf»-^ = 

Hence 

( T \ / T \ 

E|/Rfc| < (e / 'y{t)‘^dt\ (e / T)RH{t)^dt\ 0 as Lf—> 1/2 + 0 . 

V / V Ma(+,_i+5) / 

Since it holds for all k, the theorem statement follows for all 0, 6 and 7 ^ € Ae^e^s- Since 
any 7 ^ € A^ can be represented as 7 ^ = 7 ^^^ + 7 ^^^, where 7 ^^^ G a: = 1 , 2 , with an 

appropriate choice of 0^ and 5k- This completes the proof of Lemma [2j □ 

Proof of Theorem (i). Suppose that a strategy 7 G delivers an arbitrage with the 
corresponding wealth process X{t) such that X(0) = 0. 

Let Ak = {Jt^ ^ 'y{t)‘^dt > 0}. Let Iw,k and Iji^k are dehned similarly to the proof of Lemma 
[ 2 ] with the interval [Tfc_i,Tfc]. 

By the definitions, Ak G Suppose that P(24„ > 0). 

The value In^n is Sr„_i-ineasurable, and the values {hFH(i)}tg[r„_i,T] are independent from 
Since ■y{t) is ST^.i-measurable for t G [r„_i,T] and Sr„_i C Sr„_i, h follows that Iw,n 
and In both have Gaussian distributions conditionally given Hence In has support on 

the entire interval (— 00 ,+ 00 ) given An- 
Hence P(X(T) < > 0 and 

p(x(r) < 0 ) = p(x(r) < o|A)p( 24„) > o. 
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This would be inconsistence with with the supposition that 7 delivers an arbitrage. Hence 
P(H„) = 0 and X{T) = X(T„_i). Similarly, we obtain that P(j4fc) = 0 for all k and X{T) = 0. 
This is inconsistence with with the supposition that 7 delivers an arbitrage. This completes the 
proof of Theorem [TJ □ 

Proof of Theorem Ul (H) follows from Lemma [5J 

4 Discussion and future developments 

The model presented above represents a simplest possible model that allows to illustrate that the 
arbitrage opportunities vanish for strategies with an arbitrarily small time delay in information 
processing. We leave for future research development of more comprehensive models and detailed 
analysis such as the following. 

(i) It could be interesting to investigate if the discontinuity with respect to H at Lf = 1/2 of 
stochastic integrals vanishes for piecewise continuous strategies presented in no-arbitrage 
results obtained in Theorem 4.3 [6] and Theorem 3.21 [2]. 

(ii) It could be interesting to extend our approach on a more mainstream model with S{t) = 
exp(/rt -|- aBnit)). It is unclear yet how to do this for a setting with Tt_£-measurable 
quantity of shares 7 (t) for admissible strategies. However, it is straightforward to consider 
a model with this prices in a setting with 7 (t) = TT{t)/S{t), where 7r{t) is Tt-g-adapted. 

Acknowledgment 

This work was supported by ARC grant of Australia DP120100928 to the author. 

References 

[ 1 ] Bender C., Sottinen T., Valkeila E. (2007) Arbitrage with Fractional Brownian Motion? 
Theory Stoch. Process., 13(1-2), 23-34 (Special Issue: Kiev Conference on Modern Stochas¬ 
tics). 

[2] Bender C., Sottinen T., Valkeila E. (2011) Fractional Processes as Models in Stochastic 
Finance. In: Di Nunno, Oksendal (Eds.), AMaMeF: Advanced Mathematical Methods for 
Finance, Springer, 75-103. 

[3] Bender C., Pakkanen M.S., and Sayit H.(2015). Sticky continuous processes have consistent 
price systems. J. Appl. Probab. 52, No. 2 , 586-594. 

[4] Bjork T., Hult H. (2005). A note on Wick products and the fractional Black-Scholes model. 
Finance and Stochastics 9(2), 197-209. 


9 


[5] Qetin U., Novikov A., Shiryaev A.N. (2013). Bayesian Sequential Estimation of a Drift of 
Fractional Brownian Motion. Sequential Analysis: Design Methods and Applications 32, 
Iss, 3, 288-296. 

[6] Cheridito, P. (2003). Arbitrage in fractional Brownian motion models. Finance Stock. 7 
(4), 533-553. 

[7] Dokuchaev, N. (2015) A smooth component of the fractional Brownian motion and optimal 
portfolio selection. Working paper http://ssrn.com/abstract=2664075, 

[8] Es-Sebaiya, K., Ouassoub, L, Oukninea, Y. (2009). Estimation of the drift of fractional 
Brownian motion. Statistics & Probability Letters 79 (14), 1647-1653. 

[9] Gripenberg. G., and Norros, I. (1996). On the prediction of fractional Brownian motion. 
Journal of Applied Probability Vol. 33, No. 2, pp. 400-410. 

[10] Guasoni, P. (2006): No arbitrage with transaction costs, with fractional Brownian motion 
and beyond. Math. Finance 16(2), 469-588. 

[11] Mandelbrot, B. B., Van Ness, J. W. (1968) Fractional Brownian motions, fractional noises 
and applications. SIAM Review 10, 422-437. 

[12] Muraviev A. A. (2013). Methods of sequential hypothesis testing for the drift of a fractional 
Brownian motion. Russ. Math. Surv. 68 (3) 577. 

[13] Rogers, L. C. G. (1997). Arbitrage with fractional brownian motion. Mathematical Finance 
7 (1), 95-105. 

[14] Shiryaev A.N. (1998). On arbitrage and replication for fractal models. Research Report 
30, MaPhySto, Department of Mathematical Sciences, University of Aarhus. 

[15] Salopek, D. M. (1998). Tolerance to arbitrage. Stochastic Process. Appl. 76 (2), 217-230. 


10 



